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Abstract
A general existence theorem for flat covers in (e.g., quasi-abelian) locally finitely presented categories is
obtained from an additive Ramsey type theorem. In the abelian case, it is shown that flat covers always exist.
Applications to categories of separated presheaves or sheaves, localizations of Bousfield type, torsion-free
classes of finite type, and categories of filtered objects or complexes, are given.
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1. Introduction
Shortly after the appearance of Bican, El Bashir, and Enochs’ proof [7] that every module
over a ring has a flat cover, the existence of flat covers was shown for various types of abelian
categories, e.g., categories of complexes over a module category [2], sheaves over a ringed space
[15], quasi-coherent sheaves over a scheme [13], or comodules over a left semiperfect coalge-
bra [10].
In the present article, we prove a general existence theorem (Theorem 2) for flat covers,
extending results in the abelian case (like those mentioned above) to a wide class of non-
abelian additive categories. For example, categories of filtered objects, categories of separated
presheaves, and non-commutative generalizations of categories of sheaves, are covered in this
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category has flat covers. This answers a question of [10] in the widest affirmative sense (see
below).
Using the relationship between flatness and purity [41], we deal with a locally finitely pre-
sented category A , that is, an additive category with direct limits such that the full subcategory
fp(A ) of finitely presented objects is skeletally small and every object of A is a direct limit of
objects from fp(A ). Note that up to equivalence, there is a one-to-one correspondence between
locally finitely presented categories A and skeletally small additive categories C with splitting
idempotents. Namely, C := fp(A ), and A ≈ Flat(Mod(C )), the full subcategory of flat objects
in Mod(C ). Therefore, the full embedding A ↪→ Mod(C ) endows A with the induced exact
structure consisting of the pure exact sequences in A . In particular, Mod(C ) is locally finitely
presented, with fp(Mod(C )) = mod(C ), the category of C -modules M which admit a finite
presentation C1
c→ C0 p→ M with C0,C1 ∈ C , that is, p = cok c.
If A is abelian (hence a Grothendieck category – which happens if and only if fp(A ) is left
abelian [37]), there is a natural meaning of an “exact sequence” in A . In general, there is no
such intrinsic concept of “exactness”. Therefore, we assume that A is endowed with a left exact
structure, that is, a class of deflations satisfying half of the Gabriel–Roiter axioms [19] of an exact
category, such that every pure epimorphism is a deflation. Under these assumptions, we prove that
every object of A has a flat cover (Theorem 2). If A is abelian, the natural exact structure of A
satisfies these assumptions if and only if A is a locally finitely presented Grothendieck category.
In [10] (Open Problems 2.9b, c) it was asked which locally finitely presented Grothendieck
categories A have flat covers, and whether the existence of flat covers in A implies that A
has enough projectives. So the first question can be answered by “all”, the second by “no”.
Our proof of Theorem 2 makes use of Enochs’ old argument to make precovers into covers
[12] right from the beginning. That is, for a given object A, we construct a morphism f :F → A
with F flat such that if f factors through e :F → F ′ with F ′ flat, e must be monic. We call such
a morphism f maximal. With an idea of El Bashir ([11], Proof of Proposition 2.9), we show that
up to isomorphism, the maximal f form a set, which immediately leads to a flat precover. The
remaining part of Enochs’ argument then shows that a maximal flat precover must be a cover.
More precisely, we convert El Bashir’s idea into a theorem of additive Ramsey theory (Propo-
sition 1) which might be of interest in its own right. Despite of a close relationship to its
non-additive counterpart (see the remark at the end of Section 1), there seems to be no way
to reduce this relationship to a logical implication. It should be noted that existence of flat covers
can be proved in a suitable non-additive context [35]. As this requires extra assumptions, we
confine ourselves to the additive case. Also, we have not been forced to replace “locally finitely
presented” by “locally λ-presentable” for some regular cardinal λ > ℵ0.
Concerning the latter point, it is important to note that “flat covers” exist in some categories
of sheaves which need not be locally finitely presented. However, Stenström’s concept of flatness
[41] does not apply to such cases. For example, the line bundles O(n) on the projective line are
finitely presented and flat, but not projective. This happens since flatness of a sheaf is defined
by the flatness of its stalks. In general, this concept of “flatness” differs from Stenström’s in the
non-affine case.
In all existence proofs of flat covers, a kind of “small objects argument” (see, e.g., [33,25,
24]) plays a decisive rôle. For our purpose, we introduce the concept of small module which
seems to be of intrinsic interest. Using the embedding A ↪→ Mod(C ) with C := fp(A ) for a
locally finitely presented category A , pure exact sequences in A are just short exact sequences
in Mod(C ), and vice versa.
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C∈ObS |M(C)| is bounded by the weight w(C ) := |S | of C . The category mos(C ) of small
C -modules is abelian and skeletally small, and it turns out that Mod(C ) is equivalent to the
category of abelian sheaves on mos(C ) with respect to the canonical Grothendieck topology
(Proposition 3). Moreover, mos(C ) is just large enough (Proposition 5) so that pure exact se-
quences in Mod(C ) are determined by the pure exact sequences in mos(C ). We show that
purity in mos(C ) is encoded in a tree T , a kind of universal covering of mos(C ) with respect
to morphisms which are not pure monomorphisms. So we can measure the “purity” pM of a
C -module M (hence of any object in a locally finitely presented category) by the number of its
pure elements f ∈ M(A), i.e. pure monomorphisms A → M , where A runs through a skeleton of
mos(C ). We show that the cardinal pM can be calculated from the sheaf M : mos(C )op → Ab,
restricted to the tree T → mos(C ). In this way, we get an estimation of the cardinality of a flat
cover of an object in terms of its purity.
In Enochs’ proof of the flat cover conjecture, essential use is made of the fact that every pure
submodule of a flat module is flat. Because of this property of a module category, every flat
module admits a continuous filtration of flat pure submodules with small factor modules. In the
situation of Theorem 2, a pure subobject of a flat object need not be flat. However, under a mild
extra hypothesis, assuming that there are enough flat objects, we prove that every flat object is
still a direct limit of small pure subobjects which are flat (Theorem 3).
In Sections 6 and 7, several applications of Theorem 2 are given. First, let A be a locally
finitely presented Grothendieck category. Every full subcategory C of fp(A ) gives rise to a
locally finitely presented full subcategory B of A with fp(B) = add(C ). If every d ∈B which
is epic in A has a kernel in B, then Theorem 2 applies, i.e. flat covers exist in B. We say
that a full subcategory B of A is of finite type [38] if there is a set Σ ⊂ fp(A ) such that
B = B(Σ), the Σ -localization in the sense of Bousfield [8]. Such subcategories need not be
abelian. Theorem 4 states that Theorem 2 applies to reflective full subcategories B of A which
are closed under direct limits. (So flat covers exist in B.) For example, any full subcategory B
of finite type has this property.
We show that for reflectiveB ⊂A which are closed under direct limits, the reflector F :A →
B maps Flat(A ) into Flat(B) (Proposition 10). If every object of A is an epimorphic image
of some object of B, then even Flat(B) ⊂ Flat(A ). Otherwise, there may be flat objects in
B outside the image of F . For example, let Ω be the linearly ordered set Z with its natural
topology (see Section 7). Then the category Comp(A ) of complexes over A is a reflective
full subcategory of the functor category A Ω which is closed under direct limits. Therefore,
Theorem 4 implies that flat covers exist in Comp(A ). (For module categories, this was shown
by Aldrich et al. [2].) If Pext2A (−,−) = 0, the reflector F :A Ω → Comp(A ) does not give all
flat complexes (Example 3).
Note that A Ω can be regarded as a category of presheaves. More generally, the category
PSh(X) of presheaves on a ringed space X is a locally finitely presented Grothendieck cate-
gory. We show that the full subcategory Sh(X) of sheaves is of finite type if X admits a basis
of quasi-compact open sets. Under this assumption, Sh(X) lies in the smaller category PSc(X)
of continuous presheaves which is again a locally finitely presented Grothendieck category. We
show that Theorem 2 applies to the full subcategory of separated presheaves in PSc(X) (Theo-
rem 5). Many additive categories with flat covers are obtained in this way. As another application
of Theorem 2, we show that for a field K , the category of K-linear (not necessarily finite di-
mensional) representations of a partially ordered set Ω , either in the sense of Gabriel [18] or in
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non-abelian, in general.
2. The tree lemma
We use the following set-theoretic conventions [26]. An ordinal λ is regarded as a well-ordered
set λ = {α ∈ Ord | α < λ}, i.e. a full subcategory of the category Ord of all ordinals. Morphisms
α → β in Ord are given by pairs α,β ∈ Ord with α  β . The cardinality of a set I is denoted
by |I |, and the power set by PI . We regard PI as a category with inclusion maps A ↪→ B as
morphisms. For I, J ∈ Set, we write J I for the set of all maps I → J . Cardinals are identified
with initial ordinals. Thus |λ| λ for all λ ∈ Ord. We endow λ ∈ Ord with a topology such that
the ordinals α  λ are the open sets of λ. Thus λ is quasi-compact if and only if λ is a non-limit
ordinal.
We define a tree T of height h(T ) = λ ∈ Ord to be a sheaf of non-empty sets on λ. Thus T
is given by a continuous functor (λ + 1)op → Set. The stalk of T at α < λ is Tα = T (α + 1) =
T ({β ∈ Ord | β  α}). Note that an arbitrary functor α 	→ Tα defines a tree, i.e. a tree T is
determined by the T (α) for quasi-compact α  λ. We identify T with its étale space, given
by the disjoint union ⊔α<λ Tα . So T =⊔α<λ Tα carries a topology such that the natural map
h :T → λ is a local homeomorphism.
The elements a ∈ T are the nodes of T , and h(a) is called the height of a. The nodes of height 0
are the roots of T . Since h(a) + 1 is the smallest open set in λ which contains h(a), there is a
unique section s ∈ Γ (h(a) + 1, T ) with a ∈ a˜ := Im s. The a˜ form a basis of open sets for the
topology of T . For a, b ∈ T , we write a  b if {b} ⊂ {a}, i.e. a ∈ b˜. This partial order determines
the topology of T . Thus, in accordance with the usual definition [26], a tree T (viewed as a
contravariant functor α 	→ Tα) can be characterized as a poset with the property that {a ∈ T | a <
b} is well-ordered for each b ∈ T . If a < b and h(b) = h(a) + 1, we say that b is a successor of
a and write a ≺ b.
The set T˜ of open chains of a tree T is a tree with respect to inclusion. We regard T as
a subtree of T˜ via a 	→ a˜. Thus T˜ =⊔αh(T ) T (α). The maximal elements of T˜ are called
branches of T . We write B(T ) for the set of branches b ⊂ T .
Let T be a tree. Every functor F :T op → Ab extends to the open sets U of T via
F(U) := Lima∈U F(a) (1)
W. Rump / Advances in Mathematics 225 (2010) 1589–1615 1593so that F becomes a sheaf with stalks Fa = F (˜a) = F(a). Conversely, every sheaf of abelian
groups on T arises in this way. Therefore, we identify F with its corresponding sheaf. Equiva-
lently, such a sheaf F can be regarded as a continuous functor T˜ op → Ab. Let F˜ :=⊔a∈T˜ F (a)
denote the étale space of F over T˜ with its natural map p : F˜ → T˜ . Thus F˜ p→ T˜ h→ h(T˜ ) is a
local homeomorphism which makes F˜ into a tree with
x  y ⇐⇒ p(x) p(y) and F (p(x) → p(y))(y) = x (2)
for x, y ∈ F˜ .
Definition 1. Let F be a sheaf of abelian groups on a tree T . We define the purity pF of F to be
the smallest cardinal ℵ such that for every a ∈ T˜ B(T ), there is a homomorphism ca :F(a) →




ImF(a → b). (3)
The following “tree lemma” yields an estimation of the stalks F(e) at a root e ∈ T0 in terms
of the purity of F .
Proposition 1. Let F be sheaf of abelian groups on a tree T . For any root e of T ,
∣∣F(e)∣∣ ∑
e∈b∈B(T )
(pF)|b| · ∣∣F(b)∣∣. (4)
Proof. Choose homomorphisms ca :F(a) → C(a) with |C(a)|  pF such that (3) holds for
non-maximal a ∈ T˜ . So there are maps
ua : Ker ca →
⊔
a≺b
F (b) ⊂ F˜ (5)
which satisfy x < ua(x) for every x ∈ Ker ca . For each non-maximal a ∈ T˜ , we choose a subset
S(a) ⊂ F(a) which represents the residue classes in F(a)/Ker ca . For x ∈ F(a), we denote the
unique element r ∈ S(a) with x − r ∈ Ker ca by r(x).
Consider the flabby sheaf G0F of abelian groups over T (hence over T˜ ) with
G0F(a) =
∏{
F(b) | b ∈ T˜ , b < a}
for a ∈ T˜ and with the natural restriction maps. Let S˜ be the subsheaf of G0F with S˜(a) :=∏
b<a S(b) for a ∈ T˜ . So the elements of S˜(a) are sequences f = (f (b))b<a with f (b) ∈ S(b).
We identify S˜ with its étale space which is a subtree of G˜0F . Let q : S˜ → T˜ be the corresponding
local homeomorphism.
Without loss of generality, we assume that T is connected, i.e. there is a single root e ∈ T . We
construct a continuous functor E : S˜op → PF(e) and for each f ∈ S˜ a map tf :E(f ) → F(q(f ))
such that for g < h in S˜ and x, y ∈ E(h),
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(
q(g) → q(h))(th(x)− th(y))= tg(x)− tg(y). (6)
Moreover, for each f ∈ S˜ with q(f ) ∈ T˜  T and E(f ) = ∅, we choose an element xf ∈ E(f ).
To define E and the tf , we proceed by induction. Let e′ denote the unique element of S˜(e). We
set E(e′) := F(e) and te′ := 1F(e). Let f ∈ S˜ with f > e′ be given. Assume that E(g) and tg
have been constructed for g < f , and that the xg have been chosen for suitable g < f .
Case 1. q(f ) /∈ T . If E(f ) :=⋂g<f E(g) = ∅, we choose an arbitrary xf ∈ E(f ). Since (6)




q(g) → q(f ))(tf (x))= tg(x)− tg(xf )
for x ∈ E(f ) and g < f . Hence (6) holds for g < h f .
Case 2. q(f ) ∈ T . Then there is an element g ∈ S˜ with g ≺ f . The functoriality of E requires
that E(f ) ⊂ E(g). For x ∈ E(g), we define tf (x) := uq(g)(tg(x)− rtg(x)) and
E(f ) := {x ∈ E(g) | tf (x) ∈ F (q(f )) and rtg(x) = f (q(g))}. (7)
Thus if x, y ∈ E(f ), then rtg(x) = rtg(y), which implies (6) for h = f . By the inductive hy-
pothesis, Eq. (6) follows for arbitrary g < h f .
Next we show that the E(f ) with f ∈ B(S˜) form a partition of F(e). Assume that f,g ∈ B(S˜)
are different. Then there is a minimal f1  f in S˜ with f1  g, and a minimal g1  g with
g1  f . Hence q(f1), q(g1) ∈ T , and so there is an element h ∈ S˜ with h ≺ f1, g1. Thus f1 = g1,
and Eq. (7) gives E(f1) ∩ E(g1) = ∅. Therefore, we get E(f ) ∩ E(g) = ∅. Now let x ∈ F(e)
be given. If x ∈ E(g) for some non-maximal g  e′, then Eq. (7) shows that there is a unique
f ∈ S˜ with g ≺ f such that x ∈ E(f ). Since E is continuous, this implies that x ∈ E(f ) for
some f ∈ B(S˜). Thus F(e) =⊔f∈B(S˜) E(f ).
Let f be a branch of S˜. Then Eq. (6) with g = e′ and h = f shows that the map tf :E(f ) →
F(q(f )) is injective. For any branch b of T , we have |q−1(b)|  ∏a˜<b |S(a)|  (pF)|b|,
which yields |F(e)| ∑f∈B(S˜) |E(f )| ∑f∈B(S˜) |F(q(f ))| ∑b∈B(T ) |q−1(b)| · |F(b)| ∑
b∈B(T )(pF)|b| · |F(b)|. 
Remark. There is a formal similarity between the preceding proof and the ramification method
of Erdös, Hajnal, and Rado [17] (cf. [43], Theorem 2.2.3). In fact, the subsets E(f ) ⊂ E(e) form
a ramification system [43]. With the same method, the following theorem of Erdös ([16]; see [43],
Theorem 2.2.5) can be proved: If the edges of a complete graph with more than 2κ nodes, where
κ is an infinite cardinal, are colored with κ different colors, there exists a complete subgraph with
edges of the same color and more than κ nodes. However, there seems to be no direct implication
between Proposition 1 and Erdös’ theorem. An equivalent argument also occurs in El Bashir’s
key result ([11], 2.3) for the existence of covers.
W. Rump / Advances in Mathematics 225 (2010) 1589–1615 15953. The site of small modules
Throughout this section, let C be a skeletally small additive category with a skeleton S .
We always regard a category as the class of its morphisms, the objects being associated to the
identical morphisms. The cardinal




is called the weight [40] of C . By Mod(C ) we denote the category of C -modules, i.e. additive
functors C op → Ab. We regard C as a full subcategory
C ↪→ Mod(C ) (9)
via the Yoneda embedding P 	→ HomC (−,P ). For C -modules M , N , we simply write










If C has a non-zero object P , then 1 < |P | < |P 2| < |P 3| < · · · unless |P | is infinite. Hence
w(C )2 = w(C ) (11)
holds for any C .
Definition 2. We call a C -module M small if |M|  w(C ) and denote the full subcategory of
small modules in Mod(C ) by mos(C ).
For a cardinal ℵ, we say that a category A is ℵ-cocomplete if every functor I → A with
|ObI | ℵ has a colimit in A . Accordingly, we call a functor A op →B (respectively, A →
B) ℵ-(co-)continuous if it carries such colimits to (co-)limits in B. Thus mos(C ) is a skeletally
small w(C )-cocomplete abelian category.
Proposition 2. The category of w(C )-continuous additive functors mos(C )op → Ab is equiva-
lent to Mod(C ).
Proof. Every C -module M :C op → Ab admits a w(C )-continuous extension
M(A) := HomC (A,M)
to mos(C ). Conversely, since any object A of mos(C ) has a presentation





Pi → A → 0
with Pi,Qj ∈ ObC and |I |, |J |  w(C ), every w(C )-continuous additive functor M :
mos(C )op → Ab is given by a kernel M(A) ↪→ ∏M(Pi) → ∏M(Qj) for each A. Hence
M is uniquely determined by its restriction to C op. 
Recall that an additive Grothendieck topology [22,3] on C is given by a set J (P ) of C -
submodules of P for each P ∈ ObC such that the following are satisfied.
(T1) Every f :P → Q in C induces a map f ∗ :J (Q) → J (P ) via pullback.
(T2) Assume that A ∈ J (P ) and B is a submodule of P such that f ∗(B) ∈ J (Q) for every
f :Q → P which factors through A ↪→ P . Then B ∈ J (P ).
(T3) The subobject 1P :P → P belongs to J (P ) for any P ∈ ObC .
An additive functor M :C op → Ab is said to be a sheaf [3] on the site (C , J ) if the natural map
HomC (P,M) → HomC (A,M) is bijective for each A ↪→ P in J (P ). The category of sheaves
C op → Ab will be denoted by Sh(C ).
The canonical topology [3] on an abelian category A is the finest additive topology for which
the presheaves HomA (−,A) :A op → Ab with A ∈ ObA are sheaves. In general, there is no
manageable description of this topology J0 since J0(A) depends on all the morphisms B → A
in A . For A = mos(C ), we overcome this difficulty in the next proposition. Moreover, the
description of Mod(C ) in Proposition 3 does not refer to the weight of C .
In what follows, we regard mos(C ) as a site with the canonical topology J0. A family of
morphisms Ai → A in mos(C ) is said to be epimorphic [3] if for each B ∈ mos(C ), the homo-
morphism HomC (A,B) →∏HomC (Ai,B) is injective.
Proposition 3. A mos(C )-submodule X of a small C -module A belongs to J0(A) if and only if
there is an epimorphic family qi :Ai → A, i ∈ I , of morphisms in mos(C ) with |I |w(C ) such
that each qi factors through X ↪→ A. Furthermore,
Mod(C ) ≈ Sh(mos(C )). (12)
Note that although C :=∐i∈I Ai ∈ mos(C ), the qi cannot be replaced by a single morphism
q :C → A since q need not factor through X ↪→ A.
Proof. Let
∐0 denote the coproduct in Mod(mos(C )). For coproducts in A := mos(C ), we









i∈I Ai such that every morphism
∐0
i∈I Ai → A with A ∈ A factors uniquely
through c. If I is finite, then c is invertible. Therefore, since every morphism A →∐0i∈I Ai with
A ∈A factors through a finite subcoproduct of∐0i∈I Ai , it follows that c is always a monomor-
phism.
Assume that X ↪→ A belongs to J0(A). Choose an epimorphism∐0i∈I Ai → X ofA -modules
with Ai ∈ ObA . Since X ∈ J0(A), the induced morphisms Ai → A form an epimorphic family
in A . For each i ∈ I , there is an epimorphism ∐Pij → Ai of C -modules with Pij ∈ ObC . So
we get an epimorphic family Pij → A. Since A is a small C -module, there is an epimorphic
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that the Aj → A with j ∈ J are still an epimorphic family.
Conversely, let X be an A -submodule of A which admits an epimorphic family qi :Ai → A,
i ∈ I , in A with |I |w(C ), such that every qi factors through X ↪→ A. We show first that the
submodules X ↪→ A of this type are stable under pullback. Thus let g :A′ → A be a morphism








ofA -modules. We have to find an epimorphic family q ′i :A′i → A′, i ∈ I ′, inA with |I ′|w(C )
such that each q ′i factors through e′. Choose I ′ to be the set of finite subsets of I . For each i ∈ I ′,










with qi := (qk)k∈i . As each qi factors through e, each q ′i factors through e′. For any f :P → A′
with P ∈ ObC , the morphism gf factors through the epimorphism∐i∈I Ai → A, hence through
some qi . Consequently, f factors through q ′i . This proves that the q ′i form an epimorphic family.
Secondly, we show that the homomorphism HomA (A,M) → HomA (X,M) is bijective for
every C -module M . The kernel K of
∐
i∈I Ai → A in A admits an epimorphism
∐
j∈J Pj → K
in A with Pj ∈ ObC and |J |w(C ). Each Pj → K ↪→∐i∈I Ai factors through a finite subco-
product of
∐




i∈I Ai . The
















with ppj = 0 for all j ∈ J . Thus if f :X → M is any morphism into a C -module M , then fp
annihilates all the pj . Since fp maps
∐0
i∈I Ai into a small submodule of M , we infer that fp
factors through c. Hence fp factors through qc = ep. As the qi :Ai → A form an epimorphic
family, it follows that f factors uniquely through e. By [3], Proposition 2.2, this proves the
first part of Proposition 3. Furthermore, we have shown that every C -module M defines a sheaf
HomC (−,M) on A .
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i∈I Ai belongs to J0(
∐
i∈I Ai). Hence F(
∐
i∈I Ai) ∼= HomA (
∐
i∈I Ai,F ) ∼=
HomA (
∐0
i∈I Ai,F ) ∼=
∏
i∈I HomA (Ai,F ) ∼=
∏
i∈I F (Ai). If A → B c→ C → 0 is an exact se-
quence in A , the image X of c in Mod(A ) belongs to J0(C). Hence 0 → F(C) → F(B) →
F(A) is exact in Ab. This proves that F is w(C )-continuous. 
The C -modules M which admit an exact sequence P1
a→ P0 → M → 0 with a ∈ C are said
to be finitely presented. They form a full subcategory mod(C ) of mos(C ) which need not be






in Mod(C ). Namely, an exact sequence (13) is pure exact [41] if HomC (E,b) is surjective for










with p ∈ C , there exists a morphism h :P1 → L with f0 = hp. Note that for P1 = 0, this condi-
tion implies that a is monic. For other equivalent characterizations, see [1].
Equivalently, the characterization of a pure monomorphism a :L → M with components




)⊂ ImL(f ). (15)
Using Proposition 3, we will reduce (15) to a single condition in Section 3.
The next proposition extends [11], Lemma 2.2.
Proposition 4. Let I be a small w(C )-cocomplete category and F :I → mos(C ) an ℵ0-
cocontinuous functor. For any object i of I , there is a morphism i → j in I such that
Fj → ColimF is a pure monomorphism in Mod(C ).
Proof. Assume, without loss of generality, that C = 0. For an object i of I , consider the mor-
phism a := Fi → ColimF . There are at most |Fi| · w(C ) = w(C ) pairs (f0,p) with p ∈ C
which can be completed to a commutative diagram (14). Hence there is a morphism ϕ : i → i′
in I such that every such diagram (14) admits a morphism h :P1 → F(i′) with F(ϕ)f0 = hp.
So we get a chain i → i′ → i′′ → i′′′ → · · · which has a colimit j = lim−→ i(n) since w(C ) ℵ0.
To show that a := Fj → ColimF is a pure monomorphism, consider a commutative diagram
(14) with p ∈ C . Then f0 = F(i(n) → j)f for some n ∈ N and f :P0 → F(i(n)). Hence
F(i(n) → i(n+1))f factors through p, and thus f0 factors through p. 
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of M .
Proof. Since M is the direct limit of its small submodules, the statement follows since mos(C )
is w(C )-cocomplete. 
As an immediate consequence, we get
Corollary 2. Every C -module M is a direct limit of small pure submodules.
4. The purity of a module
As in the previous section, C denotes a skeletally small additive category. Let M be
a C -module, regarded as a sheaf on mos(C ). For any object A of mos(C ), the non-pure
morphisms A → M form a subset SM(A) of M(A) = HomC (A,M). Furthermore, the pure
monomorphisms in mos(C ) form a subcategory ℘(C ). The next proposition shows that the pure
exact structure of Mod(C ) is determined by ℘(C ).
Proposition 5. Let C be a skeletally small additive category.
(a) A morphism f :L → M in Mod(C ) is a pure monomorphism if and only if f−1A (SM(A)) ⊂
SL(A) for all A ∈ mos(C ).
(b) For M ∈ Mod(C ) and A ∈ mos(C ), we have SM(A) =⋃ ImM(f ), where f runs through
the morphisms A → B in mos(C )  ℘(C ).
Proof. (a) The condition f−1(SM(A)) ⊂ SL(A) states that f a is a pure monomorphism for
each pure monomorphism a :A → L. Since pure monomorphisms of Mod(C ) form a subcate-
gory, the necessity follows. Conversely, let the condition be satisfied for all a. Then f is monic
by Corollary 1 of Proposition 4. So we can assume that f is an inclusion f :L ↪→ M . Thus every
small pure submodule A of L is pure in M . Hence Corollary 2 of Proposition 4 implies that
L = lim−→A is a pure submodule of M .(b) The inclusion SM(A) ⊃⋃ ImM(f ) is trivial. Suppose that a :A → M is an element of
SM(A) 
⋃
ImM(f ). Then the induced epimorphism A → Ima belongs to mos(C ). Hence a
is monic and can be replaced by an inclusion. Consider a commutative diagram (14) with L = A
and p ∈ C . Then the pushout of f0 and p leads to a factorization a :A f→ B → M with f ∈
mos(C ) such that ff0 = hp for some h :P1 → B . By assumption, f is a pure monomorphism.
Hence f0 factors through p. Thus a /∈ SM(A), contrary to our assumption. 
Now we apply the tree lemma (Proposition 1) to mos(C ). First, we prove
Proposition 6. For any small C -module A, there is a set of morphisms fi :A → Bi , i ∈ I , in
mos(C )℘(C ), with |I |w(C ), such that every morphism A → B in mos(C )℘(C ) factors
through some fi .









with p ∈ C such that f0 does not factor through p. Therefore, f factors through the pushout
c :A → C of p along f0 which is not a pure monomorphism. The possible pairs (f0,p) of
morphisms in such a commutative diagram form a set of cardinality less than or equal to w(C )2 =
w(C ). This proves the claim. 
Definition 3. Let M be a C -module. We define the purity pAM of M at a non-zero A ∈ mos(C )
to be the smallest cardinality |C| of a group C which admits an epimorphism c :M(A) → C with
Ker c ⊂ SM(A). The purity of M is the supremum pM := supA=0 pAM .
Note that pM = 0 only happens if C = 0. For C = 0, Corollary 1 of Proposition 4 implies
that pM = 1 ⇔ M = 0. The following theorem estimates the cardinality of a C -module in terms
of its purity.
Theorem 1. Let C = 0 be a skeletally small additive category. Every C -module M satisfies
|M| (pM)w(C ). (16)
Proof. Choose a skeleton A of mos(C ). By Proposition 6, every object A of A admits a set
M (A) of morphisms A → B in A ℘(C ) such that |M (A)|w(C ) and every A → B in A 
℘(C ) factors through some morphism in M (A). For an ordinal λ, let T (λ) be the set of cocon-
tinuous functors F :λ+ 1 →A such that for each non-zero α < λ, the morphism F(α → α+ 1)
belongs to M (F (α)). Suppose that F ∈ T (λ) with |λ| >w(C ). To show that this is impossible,
we can assume that λ is minimal with this property. Then the category λ is w(C )-cocomplete.
Therefore, Proposition 4 with I = λ implies that F(α → λ) is a pure monomorphism for some
α < λ, a contradiction. Hence T (λ) = ∅ for |λ| > w(C ), and thus T :=⊔λ∈Ord T (λ + 1) is
a set. For F ∈ T (λ) and G ∈ T (μ), we write F  G if λ  μ and F = G|λ+1. With this par-
tial order, T becomes a tree with T˜ =⊔λ∈Ord T (λ) such that the elements of height 1 can be
identified with the objects A of A . Each such A defines a subtree T (A) := {F ∈ T | F  A}.
Since A = 0 ⇔M (A) = ∅, every branch b ∈ B(T ) with b ∈ T (λ) satisfies b(λ) = 0. The subset
T (A)α = {F ∈ T (A) | h(F ) = α} of T (A) satisfies |T (A)α|  w(C )|α|. In fact, T (A)0 = {A}
and |T (A)α| ∏β<α |T (A)β | · w(C ) ∏β<α w(C )|β|+1  w(C )|α|·|α| = w(C )|α| for α > 0.
Hence |T (A)|w(C )w(C ) ·w(C ) = 2w(C ).
Now every C -module M gives rise to a sheaf M˜ :T op → Ab on T with
M˜(F ) = M(F(λ))
for any F ∈ T (λ). In particular, M˜(F ) = 0 for maximal F ∈ T˜ . Definitions 1 and 3 imply that
pM˜ = pM . Therefore, Proposition 1 yields
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B∈B(T (A))
(pM)w(C )  2w(C )(pM)w(C )
for each A ∈ mos(C ). Since w(C ) is infinite, we get |M|w(C ) · (2 · pM)w(C ) = (pM)w(C ) if
M = 0. For M = 0, the inequality (16) is trivial. 
Corollary. Let C be a skeletally small additive category, and let f :M → N be a morphism of
C -modules. If |M| > |N |w(C ), there exists a non-zero pure submodule A of M with f (A) = 0.
Proof. Assume the contrary, and denote Kerf by L. Then C = 0, and every A = 0 in mos(C )
satisfies L(A) ⊂ SM(A). Hence |N | |N(A)| pAM , and thus |N | pM . By Theorem 1, this
yields |N |w(C )  (pM)w(C )  |M|, a contradiction. 
5. Flat covers
An object E of a category A is said to be finitely presented if the functor HomA (E,−)
preserves direct limits, i.e. colimits of functors I → A , where I is a small filtered category
[31]. The category A is said to be finitely accessible [1] if A has direct limits, the full subcat-
egory fp(A ) of finitely presented objects is skeletally small, and every object of A is a direct
limit of finitely presented objects. An additive finitely accessible category is also called locally
finitely presented [9]. It is easy to show that a locally finitely presented category A is well-
powered (i.e. the subobjects of an object in A form a set). Since every morphism f :A → B
in A corresponds to a subobject (1
f
)
:A → A ⊕ B , this implies that A is locally small (i.e.
HomA (A,B) is a set for A,B ∈ ObA ). Therefore, A 	→ HomA (−,A) defines an additive
functor
A ↪→ Mod(fp(A )) (17)
which is a full embedding. So the cardinality in Mod(fp(A )) induces a cardinality func-
tion
| − | : ObA → Ord (18)
on objects of A . We call A ∈ ObA small if |A|w(fp(A )). Recall that a sequence
A
a→ B b→ C (19)
in an additive category A is said to be short exact if a = kerb and b = coka.
Definition 4. We define a left exact category to be an additive category A endowed with a
distinguished class of cokernels, called deflations [27], such that the following are satisfied.
(D) If A a→ B b→ C is a deflation, then b is a deflation.
(C) The deflations form a subcategory of A .
(P) The pullback of a deflation along an arbitrary morphism exists and is a deflation.
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along 0 → C yields its kernel a :A → B , every deflation b gives rise to a short exact sequence
(19), a conflation [27]. The kernels of deflations (written as A B) are called inflations. Note
that by (C) and (D), every split epimorphism is a deflation. Consequently, deflations are closed
under isomorphism.
If A op is a left exact category, we call A right exact. Thus A is left and right exact if and
only if it is an exact category in the sense of Gabriel and Roiter [19]. Note that if every split
epimorphism has a kernel, this concept is equivalent to the original one given by Quillen [34].
Now let A be a locally finitely presented category. A sequence (19) in A is said to be pure
exact if it is a short exact sequence in Mod(fp(A )), i.e. if
HomA (E,A) → HomA (E,B) → HomA (E,C)
is a short exact sequence in Ab for every E ∈ fp(A ). In particular, pure exact sequences in A are
short exact. The right-hand part b of a pure exact sequence (19) is said to be a pure epimorphism,
while a is called a pure monomorphism in A .
Definition 5. Let A be a locally finitely presented left exact category such that the pure exact se-
quences are conflations. We call F ∈ ObA flat if every deflation A F is a pure epimorphism.
The full subcategory of flat objects will be denoted by Flat(A ).
This definition is equivalent to that given in [9], Section 1.3.
Every module category Mod(C ) is locally finitely presented with fp(Mod(C )) = mod(C ).
The concept of “pure exact sequence” in Mod(C ) coincides with that given in Section 2. Fur-
thermore, Mod(C ) has the property that every pure subobject of a flat C -module is again flat.
Theorem 1.4 of [9] implies that for any locally finitely presented category A with C := fp(A ),
the embedding (17) induces an equivalence
A ≈ Flat(Mod(C )). (20)
Thus by the following proposition, A is closed with respect to extensions in Mod(C ). So the
pure exact sequences provide A with a natural exact structure.
Proposition 7. Let A be a locally finitely presented left exact category such that the pure exact
sequences are conflations.
(a) If A a B b C is a conflation with A and C flat, then B is flat.
(b) If b :B C is a pure epimorphism with B flat, then C is flat.
(c) Every direct limit of flat objects is flat.
Proof. (a) Consider a conflation Z Y q B . The pullback of a and q gives a commutative
diagram














with k = kerbq . Assume that A and C are flat. Then i and k are pure monomorphisms. Hence
ki is a pure monomorphism, and thus q is a pure epimorphism. This implies that B is flat.








If B is flat, the deflation e is a pure epimorphism. Hence be, and thus c, is a pure epimorphism.
Thus C is flat.
(c) By virtue of (a), every finite direct sum of flat objects is flat. Every direct limit lim−→Fi
of flat objects Fi gives rise to a pure epimorphism ∐i∈I Fi  lim−→Fi . Hence by (b), it suffices
to show that
∐
i∈I Fi is flat. Thus let c :A
∐
i∈I Fi be a deflation, and let f :E →
∐
i∈I Fi
be a morphism with E finitely presented. Since
∐
i∈I Fi can be regarded as a direct limit of
finite subcoproducts, there is a finite subset J ⊂ I such that f admits a factorization f :E g→⊕
j∈J Fj 
∐














LetF be a full subcategory of an additive categoryA . Recall that a morphism c :F → A with
F ∈F is said to be an F -precover if every morphism F ′ → A with F ′ ∈F factors through c.
If, in addition, every endomorphism e :F → F with ce = c is invertible, then c is called an
F -cover of A. If F consists of the flat objects of a locally finitely presented category A , an
F -(pre-)cover is called a flat (pre-)cover.
Theorem 2. Let A be a locally finitely presented left exact category such that the pure exact
sequences are conflations. Then every object A of A has a flat cover F → A, and
|F | |A|w(fp(A )). (21)
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morphisms b :B → A in A , and for a second object c :C → A, a morphism b → c in A /A
is given by a morphism f :B → C in A with cf = b. Let F denote the full subcategory of
flat objects in A . Then F/A denotes the full subcategory of A /A with objects F → A where
F is flat. We call an object c of F/A maximal if every morphism c → c′ in F/A is monic
in A /A. Let us show first that every c :F → A in F/A admits a morphism c → c′ in F/A
such that c′ is maximal (cf. [12], Section 2). Otherwise, Proposition 7(c) implies that there is a
cocontinuous functor c : Ord →F/A with c(1) = c and c(λ → λ+1) not monic in A /A for all
ordinals λ > 0. For 0 < λ μ, the morphism c(λ → μ) is given by a morphism cλ,μ :F(λ) →
F(μ) of flat fp(A )-modules with c(λ) = c(μ)cλ,μ. Let Kλ,μ := Ker cλ,μ denote its kernel in
Mod(fp(A )). Choose λ′  λ such that Kλ,μ = Kλ,λ′ for all μ > λ′. So we get a sequence of
ordinals 1  1′  1′′  · · · with supremum, say, γ . Let f :E → F(γ ) be a morphism in A
with E finitely presented such that cγ,γ+1f = 0. Since F(γ ) = lim−→ i∈NF(1(i)), there exists an
ordinal δ := 1(n) with f = cδ,γ g for some g :E → F(δ). Hence cδ,γ+1g = 0, which implies
that g is annihilated by F(1(n)) → F(1(n+1)). Thus f = 0, which shows that cγ,γ+1 is monic
in A , a contradiction. This proves that every morphism F → A with F flat factors through
some c′ :F ′ → A with F ′ flat such that c′ is maximal in F/A. Since every pure submodule
of a flat fp(A )-module is flat, Proposition 7(b) implies that the flat fp(A )-module F ′ has no
non-zero pure submodule M with c′(M) = 0. Therefore, the corollary of Theorem 1 shows that
|F ′|  |A|w(fp(A )). Consequently, the isomorphism classes of maximal objects c :Fc → A in
F/A can be represented by a set C. Thus
∐
c∈C Fc → A is a flat precover of A.
Now let c :F → A be a flat precover. By the above, we can assume that c is maximal in
F/A. Then the corollary of Theorem 1 implies that the inequality (21) holds. To show that c
is a flat cover, suppose that there is a non-invertible endomorphism e :F → F with ce = c. We
construct a functor f : Ord →F/A with f (λ) = c and f (λ → λ + 1) = e for all λ ∈ Ord. For
a limit ordinal λ, the limit cλ : lim−→ α<λf (α) in A /A belongs to F/A. Since c is a flat precover,
cλ factors through c. Therefore, we can define f (λ) := c in a natural way. The maximality of c
in F/A implies that f (λ → μ) is monic in A /A for arbitrary λ  μ, contrary to the fact that
the submodules of the fp(A )-module F form a set. 
An additive category A is said to be left quasi-abelian (= left almost abelian [36]) if every
morphism has a kernel and a cokernel, and cokernels are stable under pullback. By [36], Propo-
sitions 1 and 2, this means that the class of all short exact sequences makes A into a left exact
category. Therefore, we have
Corollary 1. Every object of a locally finitely presented left quasi-abelian category has a flat
cover.
In particular, this answers a question of Cuadra and Simson ([10], 2.9).
Corollary 2. In a locally finitely presented Grothendieck category, every object has a flat cover.
6. Small flat objects
Let A be a locally finitely presented left exact category such that every pure exact sequence
is a conflation. We say that A has enough flat objects if every object A of A admits a deflation
F  A with F flat. For example, every module category A has enough flat objects since it has
W. Rump / Advances in Mathematics 225 (2010) 1589–1615 1605enough projectives. Furthermore, pure subobjects of flat objects are flat in this case. Therefore,
Corollary 2 of Proposition 4 implies that every flat object is a direct limit of small flat pure
subobjects. In general, we still have
Theorem 3. Let A be a locally finitely presented left quasi-abelian category. Assume that A has
enough flat objects. Then every small subobject of a flat object F is contained in a small pure
subobject which is flat.
Proof. Assume, without loss of generality, that A = 0. Then w(fp(A ))  ℵ0. Let S (F ) be
the set of small pure subobjects of F . For A,B ∈ S (F ), we write A  B if A F factors
through B F . By Corollary 1 of Proposition 4, the partially ordered set S (F ) is directed,
and F = lim−→S (F ). For each A ∈ S (F ), we choose a flat cover FA  A. This gives a cok-
ernel pA :
∐













CA FC is a subcoproduct of
∐





Now let A ∈ S (F ) be given. We will show that A can be embedded into some B ∈ S (F )
which admits a pure epimorphism F ′  B with F ′ flat. First, there are |A|  w(fp(A ))
morphisms f :E → A F with E finitely presented. Since F is flat, every such f factors






C∈S (F ) FC
p
 F for some finite
subset J ⊂S (F ). So there is a subset I ⊂S (F ) of cardinality |I |w(fp(A )) such that every
f :E → A F factors through p · i(I ). Since S (F ) is directed, we can replace I by a directed
subset I ′ ⊂S (F ) with |I ′|w(fp(A )). Hence lim−→ I ′ is a small subobject of F , and so we find
some A′ A in S (F ) with lim−→ I
′ A′ such that f factors through p · i(I ′).
Iterating this procedure, we obtain a sequence A  A′  A′′  · · · in S (F ) and a cor-
responding sequence of subsets I0 ⊂ I1 ⊂ I2 ⊂ · · · of S (F ) with |In|  w(fp(A )) such
that every morphism f :E → A(n)  F with E finitely presented factors through p · i(In),
and lim−→ B∈InB  A
(n)




(n) → F with a pure epimorphism e. Hence lim−→A(n) is flat by Proposition 7.
Since A(n) ∈S (F ) for all n ∈ N, we get lim−→A(n) ∈S (F ). 
The following corollary is immediate.
Corollary. Let A be a locally finitely presented left quasi-abelian category. Assume that A has
enough flat objects. Then every flat object of A is a direct limit of small flat pure subobjects.
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Grothendieck category has enough projectives if either (a) it has enough flat objects or (b) if ev-
ery object has a flat cover. The latter case (b) is answered by Corollary 2 of Theorem 2. Though
we believe that (a) has a negative solution, the corollary of Theorem 3, which allows to break
flat objects into small pieces, provides a positive statement in this direction. If “small” could be
replaced by “finitely presented”, the answer to case (a) would be “yes”.
7. Flat covers in subcategories
It remains to be pointed out how the categories with flat covers given by Theorem 2 naturally
arise. Recall that a variety (of annuli) [4] is defined to be a skeletally small additive category
with split idempotents. For a full subcategory D of a variety C , we write addD for the subvari-
ety generated by D , i.e. the smallest full subcategory D ′ ⊃D of C which is closed with respect
to finite direct sums and direct summands. By [9], Theorem 1.4, there is a one-to-one correspon-
dence (up to equivalence) between varieties C and locally finitely presented categories A , given
by C := fp(A ).
Definition 6. We define a pure subcategory of a locally finitely presented category A to be a full
subcategory B with the following properties.
(P1) If BA is a pure epimorphism in A with B ∈ ObB, then A belongs to B.
(P2) Every morphism E → B with E ∈ fp(A ) and B ∈ ObB factors through some object in
fp(A )∩B.
Proposition 8. Let A be a locally finitely presented category. There is a one-to-one cor-
respondence between subvarieties C of fp(A ) and pure subcategories B of A , given by
C = add(fp(A )∩B).
Proof. Let B be a pure subcategory of A . For a small filtered category I and a functor
F :I →B, let B be its direct limit in A . Then we have a pure epimorphism∐i∈ObI F(i)
B , and (P1) implies that B ∈ ObB. Hence fp(A ) ∩B ⊂ fp(B). By [9], Lemma 4.1, property
(P2) implies that every object of B is a direct limit of objects in fp(A )∩B. Hence B is locally
finitely presented with fp(B) = add(fp(A )∩B).
Conversely, let C be a subvariety of fp(A ). Define B to be the full subcategory of objects
in A which are direct limits of objects from C . By Lenzing’s theorem (see [9], Theorem 4.1),
B is locally finitely presented with fp(B) = C . Since B consists of the objects B such that
every E → B with E ∈ fp(A ) factors through some object of C , property (P2) holds. To show
that B is a pure subcategory, let c :B A be a pure epimorphism in A with B ∈ ObB. Then
every morphism E → A with E ∈ fp(A ) factors through c, hence through an object of C . Thus
A ∈ ObB. 
The concept of “pure” subcategory is justified by the following immediate
Corollary 1. Let B be a pure subcategory of a locally finitely presented category A . A short
exact sequence in B is pure exact in B if and only if it is pure exact in A .
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Mod(fp(A )).
Corollary 2. Let A be a locally finitely presented Grothendieck category, and let B be a pure
subcategory. Assume that if d ∈B is epic in A , its kernel in A belongs to B. Then the mor-
phisms d are the deflations of a left exact structure in B, and B satisfies the assumptions of
Theorem 2. (Hence flat covers exist in B.)
Proof. By Proposition 8, B is locally finitely presented. Corollary 1 implies that the pure exact
sequences in B are conflations. Whence Theorem 2 applies. 
Note that the property of being closed with respect to kernels of epimorphisms holds for
resolving subcategories [5,6], hence, in particular, for hereditary cotorsion-free classes in module
categories [39,29]. Next we show that flat covers exist in a class of localizations in the sense of
Bousfield [8] which arise very often.
Definition 7. (See [38].) Let A be a locally finitely presented Grothendieck category. For a class
Σ of morphisms in A , let B(Σ) denote the full subcategory of objects C ∈ ObA such that for
each g :A → B in Σ , every morphism A → C factors uniquely through g. We say that a full
subcategory B ⊂A is of finite type if there is a subset Σ ⊂ fp(A ) with B =B(Σ).
The following result was proved in [38], Proposition 3. For module categories, see [28], Corol-
lary 12.8.
Proposition 9. Let A be a locally finitely presented Grothendieck category. Every full subcate-
gory B of finite type is reflective and closed under direct limits.
For such categories, we have
Theorem 4. LetA be a locally finitely presented Grothendieck category, and letB be a reflective
full subcategory which is closed under direct limits. Then the morphisms d ∈B which are epic in
A are the deflations of a left exact structure in B, and B satisfies the assumptions of Theorem 2.
(Hence flat covers exist in B.)
Proof. By assumption, the inclusion I :B ↪→A has a left adjoint F :A →B. Furthermore, B
is locally finitely presented by [28], 12.1, or [38], Proposition 4.
To verify that the deflations of B define a left exact structure, it suffices to show that up
to isomorphism, the kernel k :K → B (in A ) of a morphism f :B → B ′ in B belongs to B.
First, we have k = gηK for some g :F(K) → B , where η denotes the unit of the adjunction
F  I . Then fg ·ηK = 0 implies that fg = 0. Hence g = kh for some h :F(K) → K . This gives
k(1 −hηK) = 0, and thus 1 −hηK = 0. So we get (1 − ηKh)ηK = 0, which yields 1 − ηKh = 0.





 C be a pure exact sequence in B, and let f :E → C be a morphism
with E ∈ fp(A ). Then f = gηE for some g :F(E) → C. Since F(E) ∈ fp(B), it follows that g
factors through b. Therefore, the short exact sequence is pure exact in A , hence a conflation. 
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Corollary 1. Let A be a locally finitely presented Grothendieck category. Every full subcategory
B of finite type satisfies the assumptions of Theorem 2. (Hence flat covers exist in B.)
A hereditary torsion theory (T ,F ) in a locally finitely presented Grothendieck category A
is said to be of finite type [32] if for every morphism f :E → T with E ∈ fp(A ) and T ∈ T ,
there is a morphism g :E′ → Kerf with E′ ∈ fp(A ) and Cokg ∈ T . For a module category
A = Mod(C ), it was shown in [32], Theorem 2.4, that (T ,F ) is of finite type if and only if
F is an elementary subcategory of A in a model theoretic sense. An algebraic characterization
in terms of Serre subcategories of fp(A ) is given in [38], Proposition 5 (cf. [23], Theorem 2.8).
Furthermore, the same proposition states that (T ,F ) is of finite type if and only if F is of finite
type in the sense of Definition 7. Hence
Corollary 2. Let A be a locally finitely presented Grothendieck category with a hereditary
torsion theory (T ,F ) of finite type. The torsion-free class F satisfies the assumptions of Theo-
rem 2. (Hence flat covers exist in F .)
In the situation of Theorem 4, the next result gives a relationship between the flat objects in
A and B.
Proposition 10. Let A be a locally finitely presented Grothendieck category, and let B be a
reflective full subcategory which is closed under direct limits. The left adjoint F :A → B to
the inclusion B ↪→ A induces a functor Flat(A ) → Flat(B). If every A ∈ ObA admits an
epimorphism B → A with B ∈ ObB, then Flat(B) ⊂ Flat(A ).
Proof. As above, we denote the unit of the adjunction F  inc by η. Firstly, let X ∈ Flat(A )










in A . Since p is epic in A , the same holds for q . As A is locally finitely presented, X =
lim−→Ei with Ei ∈ fp(A ). Hence F(X) = lim−→F(Ei). Now X ∈ Flat(A ) implies that q is a pure
epimorphism. Therefore, the fi :Ei → X are of the form fi = qgi . Hence F(fi)ηEi = ηXfi =
pagi . Since B ∈ ObB, there are morphisms hi :F(Ei) → B with agi = hiηEi . Thus (F (fi) −
phi)ηEi = 0, which yields F(fi) − phi = 0. Since every E′ → F(X) with E′ ∈ fp(B) factors
through some F(fi), it follows that F(X) ∈ Flat(B).
Secondly, assume that every A ∈ ObA admits an epimorphism B → A with B ∈ ObB.
Let Y be a flat object of B. Then every epimorphism q :A → Y in A can be extended to an
epimorphism B e→ A q→ Y . Thus qe is a deflation in B, hence a pure epimorphism in B. Since
every E → Y with E ∈ fp(A ) factors through ηE :E → F(E), and F(E) is finitely presented
in B, we infer that eq is a pure epimorphism in A . Thus Y ∈ Flat(A ). 
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ject in B, then Flat(B) can be strictly larger than F(Flat(A )) (see Example 3 at the end of
Section 7).
Corollary 1. Let A be a locally finitely presented Grothendieck category, and let B be a re-
flective full subcategory which is closed under direct limits such that every A ∈ ObA admits an
epimorphism B → A with B ∈ ObB. Then Flat(B) is a reflective full subcategory of Flat(A )
which is closed under direct limits in A .
Proof. The reflector F :A → B induces a left adjoint to the inclusion Flat(B) ↪→ Flat(A ).
Since every direct limit Y = lim−→Yi in A with Yi ∈ Flat(B) is a direct limit in B, Proposition 7
implies that Y ∈ Flat(B). 
Corollary 2. Let A be a locally finitely presented Grothendieck category, and let B be a re-
flective full subcategory which is closed under direct limits such that every A ∈ ObA admits an
epimorphism B → A with B ∈ ObB. Then for every object of B, the flat cover in B coincides
with the flat cover in A .
Proof. We retain the notation of Proposition 10 and its proof. Let c :X → B be a flat cover in
A , where B ∈ Ob B. Then c = c′ηX for some c′ :F(X) → B , and Proposition 10 implies that
F(X) ∈ Flat(B) ⊂ Flat(A ). Therefore, we find a morphism e :F(X) → X with c′ = ce. This
gives c(eηX) = c. Hence eηX is invertible since c is a cover. So we can assume that eηX = 1.
Consequently, (1 − ηXe)ηX = 0, which gives 1 − ηXe = 0. 
Remark. Recall that a perfect (left) localization [42] of a ring R is given by a ring epimorphism
R → R′ such that R′ is flat as a right R-module. By [42], XI.3.4, a Gabriel localization of R is
perfect if and only if the corresponding Giraud subcategory B of Mod(R) is closed under colim-
its. Thus Proposition 10 shows, in particular, that flatness is invariant under perfect localization.
8. Sheaves, filtered objects, and complexes
Theorem 4 applies to various locally finitely presented categories of sheaves on a space X. In
particular, X can be chosen to be a generalized ringed space in the sense of [38]. For simplicity,
we restrict ourselves to the classical context.
Let X be a ringed space with structure sheaf OX . As usual, we regard the set O(X) of
open sets in X as a category with respect to inclusion. Every inclusion j :V ↪→ U in O(X)
induces a cocontinuous additive functor j∗ : Mod(OX(U)) → Mod(OX(V )), namely, j∗ :=










For j :V ↪→ U and A ∈ Mod(OX(U)), B ∈ Mod(OX(V )), we set
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i
↪→ V j↪→ U , the composite of two morphisms j∗A → B and i∗B → C in Mod(OX) is
given by i∗j∗A → i∗B → C. The projection functor
P : Mod(OX) →O(X)op (24)
maps the objects of Mod(OX(U)) to U . Thus a presheaf of OX-modules is just a functor
F :O(X)op → Mod(OX) with PF = 1. Note that for an inclusion j :V ↪→ U in O(X), the mor-
phism F(j) is given by an OX(V )-linear map j∗F(U) → F(V ).
It is easy to show that the category PSh(X) of presheaves on X is a locally finitely pre-
sented Grothendieck category (see [38], Section 3, for a more general statement). First, PSh(X)







for any U ∈O(X), which makes an OX(U)-module E into a presheaf E with
E(V ) :=
{
j∗E for j :V ↪→ U,
0 for V ⊂ U. (26)
For i :W ↪→ V , we define E(i) : j∗E → i∗j∗E to be the identity 1 : i∗j∗E → i∗j∗E in the first
case j :V ↪→ U , and E(i) = 0 otherwise. The embedding (25) is left adjoint to the evaluation
F 	→ F(U):











↪→ PSh(X) → Mod(OX(V )). (28)






Hence [1], Theorem 1.11, shows that PSh(X) is locally finitely presented.









F (Ui ∩Uj ) (30)
is a difference kernel. If d is just monic, F is said to be a separated presheaf. By [38],
Proposition 7, the diagram (30) can be rewritten as follows. For an open covering U given by
U =⋃ Uj with j :Uj ↪→ U , and E ∈ mod(OX(U)), let EU be the difference cokernelj∈J





j∗E → EU, (31)
where i ∧ j denotes the inclusion Ui ∩ Uj ↪→ U . The diagram (31) induces a morphism of
presheaves EU → E. Now [38], Proposition 7, gives
Proposition 11. Let X be a ringed space with structure sheaf OX . A presheaf F of OX-modules is
separated (a sheaf ) if and only if for every open covering U of U ∈O(X) and E ∈ mod(OX(U)),
the map
HomPSh(X)(E,F ) → HomPSh(X)(EU,F )
is injective (bijective).
The reason that categories of sheaves or separated presheaves on X need not be locally finitely
presented comes from a lack of X to be finitely accessible. Note that an object U ∈ O(X) is
finitely presented if and only if U is quasi-compact. Therefore, the category O(X) is finitely
accessible if and only if the set D(X) of quasi-compact open sets is a basis of X. Assume this
from now on. We call a presheaf F on a ringed space X continuous if F respects direct limits in
O(X). So F is determined by its values on D(X): For U ∈O(X), we have
F(U) := lim←−
{
F(D) | U ⊃ D ∈D(X)}. (32)
Thus if we replace O(X) by D(X) in the above discussion, we get
Proposition 12. Let X be a ringed space such that the quasi-compact open sets form a basis.
The category PSc(X) of continuous presheaves on X is a locally finitely presented Grothendieck
category, and the category Sh(X) of sheaves on X is a full subcategory of PSc(X) of finite type.
In fact, the index set J in (31) can be chosen to be finite in this case. Thus EU is finitely
presented. In particular, this implies that Sh(X) is a locally finitely presented Grothendieck cat-
egory.
Theorem 5. Let X be a ringed space with structure sheaf OX . Assume that X has a basis of
quasi-compact open sets. The category PScs(X) of separated continuous presheaves is locally
finitely presented and quasi-abelian. (Hence flat covers exist in PScs(X).)
Proof. By Proposition 11, the full subcategory PScs(X) of PSc(X) is of finite type, hence locally
finitely presented. (Cf. the proof of [20], Theorem 3.10.1.)
To verify that PScs(X) is quasi-abelian, we apply [36], Theorem 2. Thus it suffices to show
that PScs(X) is a torsion-free class in PSc(X). For an open covering U of U ∈ O(X) and E ∈
mod(OX(U)), consider the cokernel CU := Cok(EU → E). By Proposition 11, a continuous
presheaf F ∈ PSc(X) is separated if and only if HomPSc(X)(CU,F ) = 0 for all open coverings U.
Hence PScs(X) is a torsion-free class in PSc(X). Thus PScs(X) is quasi-abelian, and flat covers
exist by Corollary 1 of Theorem 2. 
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with values in a locally finitely presented Grothendieck category is locally finitely presented and
quasi-abelian. (Hence every object of A has a flat cover.)
Proof. Since X is noetherian, every open set of X is quasi-compact. Hence every presheaf on X
is continuous. 
We give some further applications of Theorem 4.
Example 1. Let Σ be a subset of a ring R. We call an R-module M Σ -torsion-free if for all
r ∈ Σ and x ∈ M , the implication rx = 0 ⇒ x = 0 holds. We say that M is Σ -divisible if for
every r ∈ Σ and x ∈ M , there is an element y ∈ M with x = ry. If we regard the elements r ∈ Σ
as morphisms R r→ R in mod(R), then B(Σ) consists of the Σ -torsion-free and Σ -divisible
R-modules. By Corollary 1 of Theorem 4, every object of B(Σ) has a flat cover.
Example 2. Let A be a locally finitely presented Grothendieck category, and let Ω be a partially
ordered set, topologized such that U ⊂ Ω is open if and only if a  b ∈ U ⇒ a ∈ U . Note that
the open sets a˜ := {b ∈ Ω | b  a} are quasi-compact and form a basis of Ω . Moreover, every a˜
cannot be represented as a union of proper open subsets. Therefore, the category Sh(Ω,A ) of
A -valued sheaves on Ω is equivalent to the category of functors Ωop →A . Hence Sh(Ω,A )
is a locally finitely presented Grothendieck category. (This follows, e.g., by [38], Section 3.)
We adjoin a smallest element 0 to Ω , that is, 0 < a for all a ∈ Ω . Thus 0 becomes a generic
point of Ω˜ := Ω ∪ {0}. There is a hereditary torsion theory (ΩA ,AΩ) in Sh(Ω˜,A ) with
ΩA :=
{
F ∈ Sh(Ω˜,A ) | F(0) = 0}≈ Sh(Ω,A ). (33)
The torsion-free class AΩ consists of the functors F : Ω˜op →A with F(a) → F(0) monic for
all a ∈ Ω .
In particular, if K is a field, and A := Mod(K), then AΩ is the category of K-linear repre-
sentations [18] of the poset Ωop, while ΩA consists of the representations of Ωop in the sense
of Loupias [30].
Proposition 13. Let A be a locally finitely presented Grothendieck category. The category AΩ
of representations of a partially ordered set Ωop in A is locally finitely presented and quasi-
abelian. (Hence every object of AΩ has a flat cover.)
Proof. Since AΩ is equivalent to a torsion-free class F in the abelian category Sh(Ω˜,A ), it
is quasi-abelian by [36], Theorem 2. Furthermore, F is closed under direct limits since direct
limits are exact in Sh(Ω˜,A ). Thus Theorem 4 applies. 
Let A be a locally finitely presented Grothendieck category, and let Ω be Z as a linearly
ordered set. So the A -valued sheaves A on Ω are diagrams
· · · → A−2 a−2−→ A−1 a−1−→ A0 a0−→ A1 a1−→ A2 a2−→ A3 → ·· ·
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such that there is an integer k > 0 with En = 0 for n < −k and En = En+1 for n > k. (Apply [38],
Section 3, and [1], Theorem 1.11!) Flat sheaves are given by
Proposition 14. Let A be a locally finitely presented Grothendieck category, and Ω := Z as
a linearly ordered set. An A -valued sheaf F on Ω is flat if and only if Fn ∈ Flat(A ) and
an :An → An+1 is a pure monomorphism for all n.
Proof. Let F be flat. For any n ∈ Ω , consider a morphism En → Fn with En ∈ fp(A ) and an
epimorphism An → Fn in A . These morphisms can be extended to morphisms E g→ F p← A of
sheaves with p epic and E finitely presented. Hence g factors through p, which shows that the











Fn+1 Fn ⊕ Fn+1
(fn1)
with En,En+1 ∈ fp(A ). Again, this can be extended to morphisms E g→ F p← A in Sh(Ω,A )
with p epic and E finitely presented. Thus g factors through p, which implies that gn factors
through en.
Conversely, let F ∈ Sh(Ω,A ) satisfy the criterion. We have to show that a morphism g :E →
F with E finitely presented factors through every epimorphism p :A → F in Sh(Ω,A ). We
can assume that En = 0 for n < 0 and En = En+1 for n  m. We proceed by induction. For
m = 0, the assertion is trivial. Assume that it has been verified for n < m for a given m > 0.
By assumption, there is a morphism h :Em → Fm−1 with gm−1 = hem−1. Let c :Em → C be
the cokernel of em−1. Then (fm−1h − gm)em−1 = 0, which gives fm−1h − gm = h′c for some
h′ :C → Fm. So we obtain a factorization g :E → E′ ⊕ E′′ → F which looks as follows for
m = 3:

























E3 ⊕C E3 ⊕C · · ·










F5 · · ·
So the E′ and E′′ have smaller m, which completes the inductive step. 
Example 3. In the situation of Proposition 14, the full subcategory Comp(A ) ⊂ Sh(Ω,A ) of
complexes over A is reflective and closed under direct limits. The reflector F : Sh(Ω,A ) →
Comp(A ) is given by F(A)n := Cok(an−1an−2). Thus Theorem 4 implies that the Grothendieck
category Comp(A ) is a locally finitely presented. By Proposition 10, the flat objects · · · ↪→
1614 W. Rump / Advances in Mathematics 225 (2010) 1589–1615Fn−1 ↪→ Fn ↪→ Fn+1 ↪→ ·· · in Sh(Ω,A ) are mapped into flat complexes · · · → Fn/Fn−2 →
Fn+1/Fn−1 → ·· ·.
The converse does not hold: For a ring R of left pure global dimension greater than one,
choose A := Mod(mod(R)). So Flat(A ) ≈ Mod(R). Let C be a flat complex 0 → C0 →
C1 → C2 → C3 → 0 over A , that is, C is a Yoneda product of two pure exact sequences in
Flat(A ) (see [14], Theorem 2.4). Then C is in the image of F : Sh(Ω,A ) → Comp(A ) if and
only if C vanishes in Pext2R(C3,C0) = Ext2A (C3,C0).
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